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ABSTRACT 
The transport  propert ies  of equilibrium argon plasma have beer, com- 
puted f o r  pressures of 1. IO. 1'V, 760 arid 1900 mm Hg and temperatures 
from 5q93 t o  m390°K. 
conductivity, t h e  thermal and multicomponent diffusion coef f ic ien ts  ha* 
also been computed. 
erties of un-ionized gases are examined. 
convergence of t he  approximations t o  the  t ransport  coeff ic ients .  It is 
found t h a t  a t  least the th i rd  approximation t o  the thermal conductivity 
must be used down t o  very low degrees of ionizat ion t o  ensure  t he  accuracy 
of the  r e su l t s .  
atom, atom-electron and electron-ion diffusion coef f ic ien ts  a t  very low 
degrees of' ionization. 
Ramsauer m i r i m u m  i n  the electron-argon atom cross sect ions.  The second 
problem occurs i n  the  charged p a r t i c l e  cross  sec t ions ,  In  t h e  present 
report  the  shielded Coulomb boten t ia l  is  used t o  bypass the  divergence 
occuring i n  t h i s  cross section when the  unshielded po ten t i a l  i s  used. 
inclusion of terns cf nrder i i n i t g  i n  these cross sect ions increases the  
t ransport  coeff ic ients  by appreciable amounts. Computations of e l e c t r i -  
cal  conductivity are also compared w i t h  some measured values here.  
I n  addition t o  the  usual viscos i ty  and thermal 
Two problems not occuring i n  computations of prop- 
The first concern6 t h e  rate of 
V e r y  slow convergence is also observed f o r  t h e  electron- 
The source of t h i s  behavior is apparently the  
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1. In t roduc t ion  
Computation of t r a n s p o r t  p r o p e r t i e s  of i on ized  gases  have i n  t h e  
p a s t  been c a r r i e d  out  w i th  e i t h e r  of two types of expressions:  
f i r s t  or second approximation i n  t h e  Chapman-Enskog method ( H i r s c h f e l d e r ,  
C u r t i s s  and B i r d ,  19641, ( 2 )  mixture r u l e s ,  de r ived  e i t h e r  as approxi- 
mations t o  (1)  (Brokaw, 1964) o r  w i t h  mean-free-path arguments (Fay, 1962; 
L in  e t  a l ,  1955).  However, n e i t h e r  t h e  t h e o r e t i c a l  expres s ions  of (1) nor 
t h e  usua l  mixture  r u l e s  g i v e  c o r r e c t  values  f o r  t h e  thermal c o n d u c t i v i t y  i n  
t h e  l i m i t  of f u l l  i o n i z a t i o n .  This  d i f f i c u l t y  i s  bypassed wi th  t h e  mean- 
f r e e - p a t h  r e l a t i o n s  by de f in ing  t h e  e l ec t ron - ion  c r o s s  s e c t i o n  i n  such a 
way t h a t  t h e  p r o p e r t i e s  t a k e  on t h e  values  de r ived  by S p i t z e r  and HZrm 
(1953) when i o n i z a t i o n  is complete. However, t h i s  f o r c e d  agreement i n  no 
way gua ran tees  t h a t  t h e  expressions will be a c c u r a t e  f o r  o t h e r  t han  very 
s m a l l  and very high i o n i z a t i o n .  I t  i s  d e s i r a b l e  t o  o b t a i n  t h e o r e t i c a l  
expres s ions  which automatical ly  g i v e  t h e  c o r r e c t  l i m i t i n g  va lues  of t h e  
c o e f f i c i e n t s .  This  has been accomplished i n  an ear l ie r  r e p o r t  (de Voto, 
1964; h e r e a f t e r  denoted by I) .  
(1) t h e  
* 
I t  i s  worthwhile t o  b r i e f l y  summarize some important r e s u l t s  of I .  
The t h e o r e t i c a l  expres s ions  f o r  thermal  c o n d u c t i v i t y ,  thermal d i f f u s i o n  
c o e f f i c i e n t  and multicomponent d i f f u s i o n  c o e f f i c i e n t  were extended t o  t h e  
f o u r t h  approximation and t h e  v i s c o s i t y  t o  t h e  second approximation. The 
f c - m n l a t i n n  of H i r s c h f e l d e r  e t  a1 (1964) f o r  t h e s e  c o e f f i c i e n t s  w a s  gen- 
e r a l l y  fol lowed.  The expressions were then used i n  a s tudy  of t h e  ra te  of 
convergence of t h e  approximations t o  t h e  t r a n s p o r t  c o e f f i c i e n t s  f o r  t h e  
f u l l y  ion'lzed plasma (and a l s o  f o r  s e v e r a l  o t h e r  s imple b ina ry  mix tu res ) .  
I t  w a s  s een  t h a t  a t  least  the  t h i r d  approximation t o  t h e  thermal conduc- 
t i v i t y  a r d  thermal d i f f u s i o n  c o e f f i c i e n t  must be used t o  o b t a i n  accurate 
c o e f f l c a e n t s  f o r  t h e  plasma. The second approximations t o  t h e  v i s c o s i t y  
and e l e c t r i c a l  conduc t iv i ty  were adequate.  
I n  t h i s  r e p o r t  t h e  t h e o r e t i c a l  expres s ions  are a p p l i e d  t o  t h e  compu- 
t a t i o n  of p r o p e r t i e s  of argon plasma. Argon w a s  chosen f o r  t h e  c a l c u l a t i o n s  
both because i t  i s  commonly used i n  plasma dev ices ,  and because a l a r g e  
sli 
The equa t ion  nunbers of expressions taken from t h a t  r e p o r t  w i l l  be given 
wi th  s u p e r s c r i p t  1, e.g.  (2 .3 ) ' .  
1 
* 
amount of information on the Cross sections is available. This report 
has two aims in addition to a presentation of transport properties fcr 
use in analyzing flow situations. The first goal, which is evident from 
the remarks already made, is to investigate the rate of convergence of 
the approximations to the coefficients. The second includes a co.npar:son 
zf the transport coefficients a5 computed with and without the next higher 
order term in the charged-particle Cross sections. In the usual computa- 
tions, all terms other than the dominant log terms are neglected. In I, 
an approximate method due to Liboff (19591, which uses the shielded 
potential for small angle deflections, was used to derive explicit 
expressions for the next higher order terms in these cross sections. 
These expressions enable one to compute properties more accurately than 
the cross sections derived with the usual Debye cutoff procedure. 
The report has been divided into five sections: (1) the present 
introduction, ( 2 )  the computation of the cross sections, (3) the descrip- 
tion of the results of the transport property calculations, ( 4 )  covparison 
of computed electrical conductivities with measurements, and ( 5 )  a final 
section in which the results are discussed. The expressions used for the 
computations will not be repeated here. Their general form is similar to 
those given in Chap. 7 of Hirschfelder et a1 (1964); complete details may 
be feund in I .  * 
* 
An errata sheet for this report is appended. 
2 
2.1 Cross Sections for Argon 
In partially ionized argon average cross sections must be determined 
for: 
+ (1) charged particles: 
(2) atom-atom: A-A, 
(3) electron-atom: e-A, and 
(4) atom-ion: A-A . 
e-e, e-A , A-A+, 
+ 
Expressions for the average 
been derived in I using the 
scattering (Liboff, 1959). 
cross section for case (1) have 
shielded Coulomb potential for small angle 
They are 
with ( a , @ )  = (4, 1/2) for a = 1; (12,l) for = 2; (12, 7/61 for 
= 3; and (16, 4/31 for j = 4. 7 is Euler’s constant (0.5772 ... 1, 
bo is the average distance of closest approach (Z.2.e /2kT), and the 
2 
1 J  
plasma parameter A is defined differently depending on the relative 
size of the Debye length 
kT 
2 87te n 
d2 = 
E 
(2.3)’ 
-’I3. Generally, d > h, but if E and the interelectron distance, h = n 
d < h, as it is in equilibrium argon above about 400 mm Hg pressure, 
then A = 2h/bo will be used. A has been defined in such a way that 
neglect of the constant terms in (3.12) is equivalent to a cutoff of 
the Q cross-section integrals at d (or h) and taking the average 
value of 
the argument of the logarithm. 
I 
(1/2)pg2 (= 2kT); see Chapman and Cowling, 1958, p. 179) in 
For case (2), Amdur and Mason (1958) recommended that the potential 
3 
* 
of interaction be taken as the repulsive exponential 
0 = go exp(-r/p> (2.1) 
4 
For argon they give 0 = 3 . 2 3  x 10 eV and p = 0 .2248 .  For this 
potential Monchick (1959) has already determined the average cross 
sections - ( a ’ s ) .  Q 
table of I < a , s >  vs C I ,  where 
0 
He presents the results of his calculations as a 
and 
Unfortunately, Monchick only computed I (a , s )  for Q - < 3 ,  so the 
computations here will be restricted to the third and lower approxi- 
mation for most properties. In the actual computations it is necessary 
to interpolate between the values of the Table of Monchick. This was 
accomplished with Lagrange %point interpolation. Some of the cross 
sections so calculated are shown in Fig. 1. 
For the electron-atom encounters it is preferable not to seek a 
classical potential as in the atom-atom case. The reason is that a 
non-classical phenomenon, namely the Ramsauer effect, occurs for this 
interaction, and it would probably be difficult to reproduce this 
effect with a simple classical potential. In argon the cross sections 
show a relative minimum at energies around .4  eV, and a maximum at 
several electron volts higher. This effect has been extensively 
studied, both with measurements of the total cross section given by 
II 
X O  
and of the differential cross section u(x,g). The lower limit 
is placed on the total cross section since the experiments al.ways 
fail to detect scattering below a certain angle Xo. Unfortunately, 
almost all of the cross-section measurements are Virtually Useless 
4 
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F I G .  1 .  AVERAGE ATOM-ATOM, ATOM-ION AND EUCTRON-ATOM CROSS 
SECTIONS Q -(” FOR ARGON. 
for determining the gas-kinetic cross Sections (2.18)? 
cross sections cannot be used to determine Q < ”  without a priori 
knowledge of the angular distribution of scattering. Additionally, 
most measurements fail to report the lower limit on scattering 
angles detected, 
would furnish sufficient information to determine the Qca) ~ Most 
experimenters have evidently been unable to measure absolute values 
of a(X,g) and so report only relative values. A notable exception 
i s  given in the paper by Ramsauer and Kollath (1932). They report 
measurements of a at 11 angles for electron scattering from argon 
at several relative energies from .6 to 12.5 eV, To determine the 
cross sections Q , their measured differential cross sections 0 
were fitted to a polynomial in X ,  and this polynomial was used to 
compute the Q 
possible to obtain a very good fit to the values obtained by Ramsauer 
and KolSath with a Stanford University program using orthogonal 
polynomials. The total cross sections (X, = 0) were calculated 
The total 
Xo 
Tn theory, the measurements of the differential cross section 
<a>  
integrand for use with Simpson’s rule. It was ( a )  
U 
and compared with those measured by <a 1 simultaneously with the Q 
Ransauer and Kollath (xo unknown). Agreement was very good. The 
results for the gas-kinetic cross sections so calculated are shown 
in Figs, 2-5. 
At energies below 0.6 eV, measurements of 0(X,g) are not 
generally available. With the aid of effective range theory, O’Malley 
(1963) has recently analyzed some experimental measurenents of QmT, 
Q(l) and 0 in the Pow-energy range to obtain formulas for the quan- 
tum-mechanical phase shifts ‘I The gas-kinetic cross sections are 
given in terms of these phase shifts by (see Appendix) 
a .  
m 
L 
00 
rl2 1 -  
J 
In these equations, IC is related to the relative 
E = 13.6a2 I C ~  with a the Bohr radius. Cross 
from the phase shifts determined by O'Malley are 
0 0 
energy E by 
sections calculated 
given in Figs. 2-5. 
Also shown are cross sections determined from calculations of the 
first two phase shifts yo and q, at four energies by Kivel (1959) 
(only these phase shifts are important ai vei-j; P o w  energies?. We 
note that the cross sections of Kivel and O'Malley agree fairly well 
at the low energies. However, the curves determined from O'Malley's 
phase shifts diverge considerably at higher energies from the points 
calculated with the data of Ramsauer and Kollath. This behavior 
suggests that the effective range formulas used by O'Malley are 
applicable only at very low energies 
The last results to be used here have been obtained by Westin 
(1946). With the aid of a type of analog computer he obtained phase 
shifts from a large variety of experimental measurements, including 
his own. Cross sections computed from his phase shifts are given in 
Table I. From these results and the others mentioned above, "best 
fit" curves for Q , a = 1-4, were chosen. They are shown also <a> 
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TABLE 1. THE ELECTRON-ARGON ATOM TOTAL CROSS SECTIONS 
QTOT, Q"), (a2)  FOR = 1-4 VS ENERGY 
FROM PHASE SHIFTS OF WESTIN (1946) 
Energy 
(eV) 
0.54 
2.18 
4.9 
8.7 
13 .6  
19.6 
26.7 
30.6 
34.8 
44.1 
54.4 
8 5 . 0  
122 a 4 
0.36 
5.09 
8.00 
12.14 
1 5 . 3  
15.8 
14.3 
1 3 . 1  
11 .7  
9 . 7  
8 . 2  
5 .8  
4 .6  
0.45 
5.42 
7.85 
8.81 
7.2 
4.4 
3 . 3  
3.1 
2.8 
2 . 3  
2.0 
1 . 6  
1 . 4  
( a2  1 
0.24 
3.90 
5.76 
5.86 
4.9 
4.3 
3 .9  
3 .6  
3.2 
2 . 6  
2 .2  
1 . 5  
1.1 
0.41  
5.26 
7.76 
9 .31  
8 .7  
6.7 
5 . 5  
5 . 0  
4 .4  
3 . 5  
2 . 9  
2 . 1  
1.8 j 
I 
0.29 
4,49 
6.64 
7.32 
7 .0  
6.5 
5.85 
5 . 3  
4 .7  
3 .8  
3.1 
2.1  
1 . 6  
in Figs. 2-5. The cross sections from Westin's investigations were 
preferred to those of Ramsauer-Kollath above 5 eV because of his 
more extensive investigations at the higher energies. 
Numerical integration with the aid of Simpson's rule was used to 
evaluate the average cross sections Q (2,1'7)? In this case 
the upper limit on the integrals was taken as 
total range from 0 to 
with the interval size in Simpson's rule determined by the rate of 
change of Q ('I with energy. Doubling the interval size changed 
the values of the integrals by less than 1%. Some of the average 
cross sections so computed are given in Table 11 and in Figs. 1 and 
6.  The Ramsauer minimum is clearly shown in Fig. 6 ,  but occurs at 
different temperatures for different values of s because of the 
weighting factor exp(y X y in the integrand of Q 
= 110 eV/kT. The 
was divided into several smaller ranges, 
YO 
yo 
2 2s+3 -(l?,s> 
TABLE II. AVERAGE CROSS SECTIONS Q (a2) FOR 
ELECTRON-ARGON ATOM ENCOUNTERS 
100 
200 
300 
400 
500 
600 
700 
8 00 
900 
1000 
2000 
3000 
4000 
5000 
6000 
7000 
8000 
9000 
LOO00 
:1,11 
4.29 
2.74 
1.90 
1.38 
1.04 
0.82 
0.68 
0.58 
0.52 
0,48 
0,63 
1.01 
1.41 
1.82 
2.23 
2.63 
3.02 
3.40 
3.77 
3.55 
2.01 
1.25 
0.83 
0.59 
0.47 
0.40 
0.38 
0.38 
0.40 
0.85 
1.41 
1.96 
2.50 
3.03 
3.55 
4.05 
4.52 
4.96 
2.98 
1.50 
0.83 
0.52 
0.38 
0.33 
0.33 
0.36 
0.40 
0.46 
1,12 
1.83 
2.51 
3.17 
3.82 
4.45 
5.03 
5.55 
6.01 
2.53 
1,12 
0.57 
0.35 
0.29 
0.30 
0.35 
0.42 
0.49 
0.57 
1.40 
2.24 
3.04 
3.83 
4.59 
5.30 
5.91 
6.43 
6.86 
2.15 
0.84 
0.40 
0.27 
0.28 
0.34 
0.42 
0.51 
0.61 
0.71 
1.69 
2.65 
3.57 
4.48 
5.33 
6.07 
6.67 
7.14 
7.49 
1.83 
0.63 
0.30 
0.25 
0.31 
0.40 
0.51 
0.62 
0.74 
0.84 
1.98 
3.04 
4.10 
5.12 
6.02 
6.74 
7.28 
7.67 
7,92 
1.57 
0.48 
0.24 
0.26 
0.36 
0.48 
0.61 
0,74 
0.86 
0.98 
2.26 
3.44 
4.62 
5.73 
6.63 
7.29 
7.74 
8.02 
8.16 
4.09 
2.51 
1.67 
1.17 
0.86 
0.66 
0.54 
0.47 
0.44 
0,43 
0.91 
1.66 
2.42 
3.13 
3.80 
4.41 
4.97 
5.47 
5.91 
3,25 
1.73 
1.03 
0.67 
0.49 
0.41 
0.38 
0.39 
0.42 
0.46 
1.13 
1.92 
2.69 
3.43 
4.13 
4.78 
5.36 
5.88 
6.34 
(4,4) 
3.11 
1.59 
0.91 
0.58 
0.43 
0.37 
0.37 
0.41 
0.47 
0.54 
1.59 
2.73 
3.76 
4.68 
5.49 
6.38 
6.75 
7.20 
a .  57 
For the ion-atom cross sections two types of processes must be 
considered. The first is the usual elastic collision and the second 
is that resulting from charge transfer between the atom and the ion. 
The latter pocess leads to a much higher cross section at lower 
energies, but Mason, Vanderslice and Yos (1959) have proved from 
scattering angle arguments that charge exchange does not affect the 
values of Q for 4 even. For 4 odd they show that a good 
approximation is 
Two types of elastic interaction take place between the atom and 
the ion. 
range and attractive, The other force is short range and results 
from the mutual repulsion of the atomic fields. The latter dominates 
at the average energies of interest in this work, and will be the only 
force considered. Apparently the only determination of the short-range 
The first is due to the polarization force and is of long 
1 6 .( 
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ATOM CROSS SE CTI ONS FROM 100 
TO 5000°K. 
force has been made by Cramer (1959) in ion scattering experiments. 
Cloney, Mason and Vanderslice (1962) have fitted his results with the 
exponential potential (5.1) and the constants $ = 5.38 X 10 eV 
and p = 1/5.08 8. 
made with this potential are given in Fig. 1. 
6 
0 
Some calculations of the average cross sections 
Three types of information have been used to help determine the 
charge-transfer cross section: (1) ion beam scattering experiments, 
(2) ion mobility measurements, and (3) theory. Some results from the 
first source have been plotted in Fig. 7. All except one of the 
measurements lie above the energy range 0.5-2.0 eV that is most 
inportant for the present calculations, The ion mobility measurements 
have been made at temperatures of 100, 200 and 300 K. At the higher 
temperature, polarization forces are unimportant and the total cross 
section measured can be taken as due only to charge transfer. Dalgarno 
(1958) has examined a number of such measurements with the aid of 
theoretical formulas and adjusted certain constants to give a best fit 
to available data, From Fig. 7 we see that his final curve lies con- 
siderably above all scattering measurements except those of Gilbody 
and Hasted (1957). Apparently Dalgarno also considered these latter 
results in his analysis. Also shown are calculations from a theoretical 
formula due to Firsov (1951). The latter reproduce quite well the 
scattering s-esiilts, but calculations not reproduced here show that they 
give average cross sections considerably below those determined from 
mobility measurements. 
0 
Dalgarno (1958) has also derived a relation based on theory which 
on relative speed, QTFt gives the general dependence of 
TOT = - 1 (A - B an g) 2 (2-6) QTR 2 
Two constants A and B are available in (5.6) and can be chosen to 
reproduce exactly the measured cross sections at two energies. Choos- 
ing to fit the measurements of Ziegler (1953) at 1 eV and those of 
Cramer (1959) at 50 eV, we obtain the constants 
A = 25.61, B = 1.196 ( 2 . 7 )  
15 

for Qm in x2. 
rule, and using the relation 
Computing the average cross sections with Simpson's 
1/2 
- 2 ($ 41,l) 
&IA 
2 19 we get an ion mobility of 1.62 cm /V-sec at 300°K and 
This campares very favorably with the measured value of 1.6 (Biondi and 
Chanin, 1957). In view of this agreement, and of the good agreement of 
n = 2.69 X 10 /cc. 
with the beam measurements, it was decided to use the 
TOT 
this Qm 
expressions (2.61, ( 2.7) and (?. 5 )  with numerical integration to deter- 
mine the average cross section g'a 's)  for odd. Some results of 
the calculations are shown in Fig. 8. 
5.2 Equilibrium Transport Properties 
The calculations in this section will be restricted to singly 
ionized argon in thermodynamic equilibrium. The Saha equation has 
beerr used to determine the species composition. Defining the degree 
of ionization a by 
the equation takes the form 
0 
where 8 is the ionization potential of the atom in K.  The internal 
partition functions Q f o r  the ions and atoms are given by the sum 
n= 1 
is the degeneracy of the nth state whose energy is E gn n where 
above the ground state of the atom or ion. The sum extends over all 
possible electronic states up to and including those with principal 
17 
0, 
G w m 
* 
quantum number N. Following Drellishak, Knopp and Cambel (1963) , 
N is determined by setting the Debye length d equal to the classical 
Bohr radius of the Nth orbital, 
(2.12) 
with Zeff the effective charge of the atomic or ionic core. Allow- 
ance is made for depression of the ionization potential by the amount 
(2.13) e ne = - 
N2 
Since the electron number density occurs in the criterion for the 
cutoff of the partition function sums (2.111, it is necessary to use 
an iterative process to determine the composition. The values of N 
for the atom and ion were first guessed and the composition was calcu- 
lated with (2*10), (2.121, and (2.13). The new values of N were used 
repeatedly as guesses until agreement was attained between initial and 
computed values. The number densities so calculated agree closely 
with those of Drellishak et al, and will not be given here. 
The general computer program mentioned earlier was used for the 
property calculations. The calculations of most properties were per- 
formed fo r  temperatures freiii 5000-2QQ0O0K and for pressures of 1, 10, 
100, 760 and 1900 mmHg. The upper limit on temperature represents 
approximately the point where the second ion becomes important; below 
the lower limit all properties except diffusion coefficients can be 
computed neglecting the ionization (Amdur and Mason, 1958). At the 
two higher pressures (1 and 2-1/2 atm), it was found that the Debye 
length was shorter than the interelectron distance. At these pressures 
the charged-particle cross sections were computed with a cutoff at the 
interelectron distance and the higher order terms neglected. At the 
lower pressures the complete expressions as listed in Eq. ( 3 . z )  were 
used e 
I 
* 
These authors kindly furnished copies of their program decks from 
which the energy levels used in the present work were taken. 
The v i s c o s i t y  is p l o t t e d  i n  F ig .  9. Where not  o the rwise  i n d i c a t e d ,  
t h e  curves a r e  f a r  t h e  second approximation, As might be expected from 
t h e  r e s u l t s  of 6 (Tables 3 & 1 1 3 , t h e  d i f f e r e n c e  between t h e  f i r s t  and 
secor,d appreximatlons to t h i s  c o e f f i c i e n t  i s  important  only a t  h i g h e r  
deg rees  of i o n i z a t i o n .  The l a r g e  dec rease  i n  v i s c o s i t y  i s  due,  of 
cour se ,  t o  t h e  very l a r g e  c h a r g e d - p a r t i c l e  c r o s s  s e c t i o n  which d e t e r -  
mines t h e  ion c o n t r i b u t i o n .  I n  F ig .  9 are a l s o  shown r e s u l t s  of t h e  
second approximation a t  100 mm i n  which t h e  h ighe r  o r d e r  terms i n  t h e  
cha rged-pa r t i c l e  c r o s s  s e c t i o n  are neg lec t ed .  It appears  t h a t  t h e  
i n c l u s i o n  of t h e s e  h ighe r  o r d e r  t e l - m s  has a g r e a t e r  e f f e c t  on t h e  
v i s c a s i t y  than does t h e  i n c r e a s e  i n  l e v e l  of approximation. 
The e l e c t r i c a l  c o n d u c t i v i t y ,  as computed from t h e  e l e c t r o n - i o n  
T d i f f u s i o n  c o e f f i c i e n t  
F i g s .  10-12. En t h e  f i r s t  f i g u r e  w e  see t h a t  t h e  f i r s t  approximation 
i s  poores t  a t  high degrees  of i o n i z a t i o n ,  but  becomes b e t t e r  around 
8000°K for  1 atm p r e s s u r e .  
port ional .  t o  t h e  number d e n s i t y  c f  t h e  e l e c t r o n s ,  i t  dec reases  r a p i d l y  
below t h i s  temperature  and w i l l  not be shown, I t  may be c a l c u l a t e d  
q u i t e  r e a d i l y  down t o  2500 K from t h e  e l e c t r o n - i o n  d i f f u s i o n  coeffi- 
c i e n t s  t o  be p re sen ted  l a t e r .  I t  w i l l  t u r n  out t h a t  a t  least  t h e  t h i r d  
and p re fe rab ly  t h e  f o u r t h  approximation t o  DEI and hence t o  a must 
be used f o r  e q u i l i b r i u m  argon below about 3680°K. I n  t h e  cu rves  of 
F ig .  1 2 ,  fle see t h a t  t h e  h i g h e r  o r d e r  t e r m s  i n  t h e  c h a r g e d - p a r t i c l e  
c r o s s  s e c t i o n  a l s o  have c o n s i d e r a b l e  e f f e c t  on t h e  e lec t r ica l  
conduct i v i  t y  . 
DEI wi th  t h e  a i d  of (2.26a1, i s  shown i n  
S ince  t h e  e l e c t r i c a l  c o n d u c t i v i t y  is pro- 
0 
I n  P i g .  13,  where t h e  t h e r n a l  c o n d u c t i v i t y  f o r  argGn a t  P atm i s  
p l o t t e d ,  w e  see one of t h e  m o s t  pronounced e f f e c t s  of t h e  u s e  of h ighe r  
approximations,  The th ird  approximation rises above t h e  f i r s t  and 
second a t  l e s s  t han  Oa5% h n i z a t i o n .  The d i f f e r e n c e  increases u n t i l  
a t  
t han  two times t h e  Power approximations.  It is appa ren t  t h a t  any 
approximate formula for t h e  thermal c o n d u c t i v i t y  of a p a r t i a l l y  i o n i z e d  
gas  which i s  based s o l e l y  on t h e  second approximation will be s e r i o u s l y  
i n  e r r o r .  We a l s o  see i n  Figs. 13 and 15 t h a t  t h e  expres s ion  of 
a = 0.58 ('R= 15000°K) and h i g h e r ,  t h e  t h i r d  approximation i s  more 
20 
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FIG. 9. VISCOSITY 7 OF EQUILIBRIUM ARGON AT 1, 10, 100, 760 and 1900 
mm Hg. 
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Spitzer and H&m (1953) gives results very close to the third 
approximation as computed without higher order terms in the charged 
cross sections. At lower degrees of ionization the formula of Spitzer 
and HZrm underestimates the thermal conductivity by about 20% for a 
pressure of 1 atm. In this region the electron-atom collisions, for 
which the average cross section is quite small, become more important 
and hence allow freer conduction by the electrons. This effect shows 
up more prominentiy as inflection points in the thermal conductivity 
curves at 1 and 10 mm pressure (Fig. 14). 
The results in Figs. 9, 13-14 have been combined to yield values 
for theprandtlnumber shown in Fig. 16. For singly ionized argon, 
this quantity is given by 
The large increase in A and decrease in 7 with increasing ioniza- 
tion causes Pr to fall to very low values. 
Figure 17 shows values of third approximations to the diffusion 
coefficients. For the electrons, this coefficient D i  is much 
smaller than those for the atom and ion over most of the low-temper- 
ature range considered. So, from 
V 
T 
we have DT L1 -DA.. However, at high degrees of ionization, only the 
ions and electrons are important, so D = -DT Since D < 0 and 
2 > 0, 
T T 
I E' A T 
DI must pass through zero at some point where, necessarily, 
We see from Fig. 17 that this occurs around 17400°K for T A E' D = -D 
0 p = 1 ma and above 20000 K for the higher pressures. 
The difference between the second and third approximations to the 
thermal diffusion coefficients will not be shown here (this coefficient 
is zero in the first approximation). A s  might be expected from the 
studies of I (SCc 3) , the rate of convergence of this coefficient was 
found to be quite slow. 
increased by 338% froin the second to the third approximation. 
For example, at 6000°K and 1 atm, DT 
The 
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F I G .  1 7 .  THERMAL DIFFUSION COEFFICIENTS D; OF EQUILIBRIUM ARGON 
AT 1 ,  100 and 1900 mm H g .  
mation to take 
coefficient and 
fourth approximation was also calculated for these conditions, with 
the use of the approximate cross sections in (zOl8), and was higher 
than [DTI2, by 425%. The example just cited was an extreme case, 
and at higher temperatures the change from the second to the third 
approximat ion was considerably less. 
1 atm, with a degree of ionization of 58%, the change was -12, 2.2 
and -2.2%, respectively, for the electron, ion and atom coefficients. 
For example, at 15000°K and 
The third approximations t o  allof the multicomponent diffusion 
coefficients for 5000-20000°K and 1 atm pressure are plotted in Fig. 
18. Because of the very large charge-transfer cross section and the 
higher masses, the ion-atom and atom-ion diffusion coefficients lie 
considerably below the others. It turns out to be a very good approxi- 
DIA = DAI = [DIAI1, 
is found from 
where the latter is the binary 
Actually,this relation follows from the expression 
n3(m3D13/m2 - D12) 
“1’23 + n2D13 + n3D12 J D12 
(HCB, p .  7161, 
(a.L6) 1 
which holds in the first approximation, when we consider the order in 
electron mass of each term for DIA and DAIe The very rapid con- 
vergence might be expected from the hard-sphere nature of the average 
ion-atom cross sections (Figs. 1, 8) for which the convergence of 
diffusion coefficients is quite rapid. 
No similar simplifications, either 1regaPding t h e ,  rate of convergence 
or the relation between the multi and binary coefficients, were found 
for the other pairs of species. 
multicomponent diffusion coefficients are not symmetric when the electron 
is involved. 
approximation, 
It is evident from (2.16) that the 
It is evident also from (2.16) that, at least in the first 
31 
FIG. 18. MULTICOMPONENT DIFFUSION COEFFICIENTS Di OF EQUILIBRIUM 
ARGON AT 1 ATM. 
lim D E1 = lim DEA = BEA 
E Yo n +O 
and 
lim DEI = lim DEA = DEI 
A n + O  n A + O  
(2.17) 
In all approximations the calculations showed that it is quite accurate 
for all degrees of ionization to take 
p = 100 mm Hg, a maximum difference of 2% between these coefficients 
occurs at 87% ionization. Therefore, DEI alone is given in the 
figures and in Table .=. The latter includes a list of the third 
approximations to Dm, DIE' and DEI at 1000° intervals from 5000 
to 20000°K. 
DEI = DEA. For example, for 
The rate of convergence of DAE and DEI (or DEA) at 1 atm is 
studied in Fig. 19. The rate of convergence is by no means uniform 
at different temperatures. This feature is to be expected since 
different intermolecular forces are preponderant at different degrees 
of ionization. One unexpected result is the reversal of direction of 
convergence for Dm. Thus at low temperatures Dm increases with 
higher approximations, while at about 7000 K and above the second 
approximation is less than the first, and the third is between the 
two. This behavior, while unusual, has already been encountered in 
the thermal diffusion ratio of a Lorentzian gas with the Coulomb 
potential ( see I, Tablel 146. 
0 
Because of the very slow rate of convergence of the approximations 
to DM qnd DEI near 5000°K (Fig. 191, it was decided to continue 
the calculations to even lower temperatures. A limit of 2500°K was 
determined, mainly by the finite arithmetic of the computer. At low 
electron and ion densities, we note from (Z.l.6) that 
This result is confirmed also by the actual calculations (cf. Fig. 19; 
note that different scales are used on the abscissa). Figure 20 shows 
DEI 
Hg. A s  mentioned earlier, the average cross sections necessary for 
for up to the fourth approximation at pressures of 10 and 760 nun 
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F I G .  19 .  ELECTRON-ION DEI AND ATOM-ELECTRON Dm DIFFUSION 
COEFFICIENTS OF EQUILIBRIUM ARGON AT 1 ATM SHOWING RATE OF 
CONVERGENCE O F  APPROXIhlATIONS . 
the fourth approximation were not available for the exponential 
potential used for the atom-atom and ion-atom elastic collisions. 
These cross sections are of minor importance when computing 
low temperatures, and so were approximated by 
DEI at 
-(2 ,s-l) q ( 2 9 s )  = 0.97 X Q (s = 5,6) 
(2.18 1 
-(4,4) = -(2,2j Q Q 
Note that the cross sections for odd are not needed for collisions 
of identical species, and are found from the charge-exchange cross 
section in the case of the ion-atom pair. Hence only a total of six 
cross sections must be approximated by (2.18). 
One important feature is indicated by Fig. 13, and brought out 
more strongly in Fig. 20. This is the strong dependence of the slope 
of the diffusion coefficient curves on the approximation used at the 
DE I lower temperatures. Thus, at 760 nun, the first approximation to 
is a monatomic function of T up to about 5250°K where it reaches a 
maximum and then begins to decrease. The second approximation has a 
maximum at about 4900°K and then decreases somewhat more rapidly there- 
after than the first. In the third approximation the maximum has moved 
to a slightly lower temperature and a new relative maximum has appeared 
near 350OOK. 
mation and the first maximum has moved to still lower temperatures and 
become much more pronounced. Because of the complexity of the formulas 
in the third and fourth approximations, it is difficult to discover 
the exact source of the maximums in these curves. They probably are 
caused by the anomalous minimums in the e-A cross sections a t  low 
temperatures. 
This second maximum is  confirmed in the fourth approxi- 
2.3 Comparison of Electrical Conductivity with Experiment 
The electrical conductivity appears to be the only transport 
coefficient of argon which 
which the state of the gas 
experiments have been made 
has been measured under conditions in 
is reasonably well known. Most of these 
in the shock tube with the magnetic 
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NUMBERS REFER T O  LEVEL 
OF A P P R O X I M A T I O N  
F I G .  20.  F I R S T  FOUR APPROXIMATIONS TO THE ELECTRON-ION DIFFUSION 
COEFFICIENTS 
TEMF'ERATUFtES FROM 2500 TO 5500'K. 
DEI O F  EQUILIBRIUM ARGON AT 10 AND 760 mm H g  FOR 
deflection technique developed by Lin, Resler and Kantrowitz (1955). 
In one set of data obtained by Pain and Smy (19611, the conductivity 
was inferred from measurements of the voltages across small electrodes 
at low currents. The measurements to be considered here were made at 
initial shock-tube pressures of 1, 10 and 100 mm Hg. Smy and Driver 
(19631, who worked with an electromagnetic shock tube, report results 
at lower initial pressures, but the gas apparently does not attain 
thermodynamic equilibrium at these pressures. 
The experimental and theoretical conductivities are shown in 
Figs. 21-23. The theoretical values were computed with the third 
approximation. Also shown in Figs. 22-23 is the electrical conduc- 
tivity as computed from an approximate mean-free-path relation (Lin 
et al, 19551, 
‘MFP (2.19) 
For the electron-ion encounters, it is necessary to use an average 
cross section different from the usual one 
Sure that 
ionization. The cross section so derived is 
(3.12)1 in order to en- 
omP takes the value of Spitzer and H%m (1953) at full 
( 2 . 2 0 )  
The usual shock relations were used with the Saha equation (2.10) to 
determine the state of the gas behind the incident shock. Only below 
about 10900 K for the initial pressure of 1 mm Hg is the Debye length 
d greater than the interelectron distance h, so the shielded 
potential treatment of the charged-particle cross sections is strictly 
not valid f o r  most of the experimental conditions. Nevertheless the 
computations were made both with and without the higher order terms 
and with 
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In the figures it appears that the results with the higher order terms 
give better agreement with the experiments. In the lower temperature 
measurements of Lin et a1 (19551, they noted that the conductivity 
was still rising at the end of the testing time, so the gas had 
probably not reached equilibrium ionization, which explains why some 
of these points lie considerably below the curves in Fig. 22. The 
large discrepancy of some of the points of Pain and Smy (1960, 1961) 
and Smy and Driver (1963) is unexplained, but might be due to the 
presence of easily ionized impurities in the test gas. 
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3. Discussion and Conclusions 
We can now compare some of the coefficients computed here with those 
obtained by other authors. 
that discrepancies can arise from three sources: 
methods to compute the degree of ionization, (2) the use of different 
expressions for the coefficients, and (3) different average cross sections. 
In making these comparisons, we should note 
(1) use of different 
Errors due to the first source are likely to be important only above 
0 about 15000 K, where the argon atom-atom partition function begins to 
deviate appreciably from the unexcited value of one. This deviation is 
often approximated o r  even entirely neglected. The largest discrepancy 
due to point (2) would be expected in the thermal conductivity, when the 
calculations have been carried out with the first o r  second approximation. 
But this error can be masked by considerably different choice of average 
cross sections, even in the charged-particle interactions. Sherman (19631, 
2 for example, instead of an A [c.f. (3.121’1 has used (1/2) an (1 + A 
with A = d/b and d = kT/4nn e2 for the a = s = 1 cross sections 
at pressures of 1 atm. In the present case, the interelectron distance h 
was used instead of d at these pressures, with I\ = 2h/bo. Other 
investigators have approximated the electron-atom cross sections in a 
variety of ways. Olsen (1959) assumed a constant value, thus completely 
neglecting the Ramsauer effect. Weber and Tempelmeyer (1964) evidently 
obtained their average cross sections from the measurements of total 
cross sections vs energy by setting the average thermal energy 
equal to the electron energy in scattering experiments. In effect, this 
method assumes that all electron-atom collisions take place with the 
average relative speed. But a comparison of Figs. 1 and 2 shows that 
this method can at best be only a crude approximation to the true vari- 
2 
0 E 
(2 kT) 
ation of ,(1 ”) with temperature- 
The electrical conductivity of argon seems to have been most exten- 
sively studied. Olsen (1959) used a mean-free-path expression similar 
to that given in Section 2.3 to compute 0 at 1 atm. H i s  values are 
considerably above those obtained here (e.g. 97 vs 66 mhos/cm at 15000°K) 
or  elsewhere, Weber and Tempelmeyer (1964) used two different electron- 
atom cross sections with the mean-free-path expression (2.19) to obtain 
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va lues  of 0 a t  1 atm c l o s e  t o  o r  somewhat above t h e  r e s u l t s  of S e c t i o n  
2 , 2  (e .g .  67 and 87 mhos/cm a t  15000°K). Bo%njakovic and Spr inge  (1962) 
and Pindroh (1962) a l s o  r e p o r t  e lec t r ica l  c o n d u c t i v i t i e s  h ighe r  than  he re  
( 7 5  and 83 mhoslcm r e s p e c t i v e l y  a t  15000 K and 1 atm).  I t  should be 
noted ,  however, t h a t  t h e  i n c l u s i o n  of h ighe r  o rde r  terms i n  t h e  charged 
c r o s s  s e c t i o n s  i n c r e a s e s  t h e  e l e c t r i c a l  conduc t iv i ty  a t  100 mm and 15000 K 
by about 20%- Applying t h i s  c o r r e c t i o n  t o  t h e  va lue  a t  1 a t m  would g i v e  
a va lue  of 79 mhos/cm, w e l l  i n  t h e  middle of  o t h e r  r e s u l t s .  
0 
0 
Cann (L961) and Sherman (1963) have computed t h e  a rgon  v i s c o s i t y  a t  
1 atm wi th  e s s e n t i a l l y  t h e  f i r s t  approximation. The va lues  computed by 
Sherman a r e  considerably h ighe r  than those  i n  F i g .  9 ,  probably because 
of t h e  sma l l e r  ( c o n s t a n t )  ion-atom c r o s s  s e c t i o n  which he used 
78 g2 vs 96 x2 a t  15000°K used h e r e ) .  Cann’s v i s c o s i t i e s  a r e  i n  b e t t e r  
agreement but  s t i l l  somewhat h igh  (4 .8  X 10 vs 4 X 
( Q ( W  - 
-4 p o i s e  a t  16000°K). 
The thermal conduc t iv i ty  a t  1 a t m  has  been computed i n  t h e  second 
approximation by Sherman (1963).  Inexp l i cab ly ,  h i s  va lues  a t  15000 K 
(1 .03 X erglcm-sec- K )  are cons iderably  above t h e  second approxi-  
mation i n  F ig .  13 (0.547 X 10 ) and n o t  t o o  much below t h e  r e s u l t s  f o r  
t h e  t h i r d  approximation (1.22 X 10 1. Ahtye (1964) a l s o  r e p o r t s  a thermal  
conduc t iv i ty  around lo5  erg/sec-cm- K f o r  argon a t  15000 K and 1 0  
but  h e  ev iden t ly  d i d  not a l low f o r  t h e  c o n t r i b u t i o n  of thermal  d i f f u s i o n ,  
which would reduce t h i s  va lue  by about 40%* 
have a l s o  repor ted  on c a l c u l a t i o n s  wi th  approximate r e l a t i o n s  due t o  Maecker 
and t o  Schirrner. 
3 . 5  X LO while t h e  l a t t e r  g ives  2 .5  x 10 , i n  u n i t s  of erg/sec-cm- K .  
C l e a r l y ,  t h e  l a t t e r  r e s u l t  i s  i n  b e t t e r  agreement wi th  t h e  t h i r d  approxi- 
mation a s  obtained here  (2 .33 X 1 0  
0 
0 
5 
5 
0 0 -1 a t m ,  
Bognjakovic and Spr inge  (1962) 
A t  20000°K and 1 atrn t h e  tormer method g ives  about 
5 5 0 
5 
a t  20000°K). 
Both Sherman (1963) and Ahtye (1964) have c a r r i e d  o u t  c a l c u l a t i o n s  
of t h e  d i f f u s i o n  c o e f f i c i e n t s ,  a l though Ahtye only r e p o r t s  va lues  f o r  t h e  
thermal  d i f f u s i o n  c o e f f i c i e n t s .  A d e t a i l e d  comparison of t h e s e  c o e f f i -  
c i e n t s  w i l l  no t  be a t tempted he re .  I t  i s  worthwhile n o t i n g  t h e  i n t e r e s t i n g  
numerical  technique used by Sherman t o  compute t h e  d i f f u s i o n  c o e f f i c i e n t s  
a s  w e l l  a s  t h e  thermal conduc t iv i ty .  In s t ead  of s o l v i n g  t h e  l i n e a r  equa- 
t i o n s  r e s u l t i n g  from t h e  Sonine polynomial expansion and then w r i t i n g  t h e  
t r a n s p o r t  c o e f f i c i e n t s  as t h e  r a t i o  of two de te rminan t s  (Hi r sch fe lde r  
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et al, 1964; also I), he inverted the matrix of coefficients of the 
linear equations, and then obtained the transport properties by a simple 
multiplication of the matrix inverse with a column matrix. This tech- 
nique results in a large saving of computer time over the method used 
here whereby one determinant was evaluated for each coefficient (plus 
one evaluation of the denominator determinant). However, in computation 
of the third and fourth approximations at low degrees of ionization, the 
very large disparity in size of some of the matrix elements causes ex- 
ponent overflow or  underflow in the computer when we attempt matrix 
inversion with the standard programs. It is possible to incorporate 
features in an inversion program to take care of the possibility of over- 
or  underflow, but it was found easier to do this for the determinant 
evaluation program. Hence, the expressions involving determinants were 
used for these computations. For more complicated mixtures, the resultant 
saving in computer time would make it profitable to investigate further 
the matrix inversion technique. 
We can now turn to a further examination of the calculations pre- 
sented here, especially with regard to the aims described in the intro- 
duction. From the results for the thermal conductivity and for the 
diffusion coefficients, we can conclude that one should be very careful 
about assuming that a certain approximation will give adequate transport 
coefficients when a considerably different force law is operative in the 
mixture or  when a very light species is present. Thus with the Coulomb 
potential in the fully ionized plasma we must use at least the third 
approximation to compute the thermal conductivity. The slow convergence 
carries over into the partially ionized gas, so that there is better 
than 10% difference between the second and third approximations to these 
coefficients at 9000 K and 1 atm with a degree of ionization less than 
1%! Further, we saw that even the fourth approximation to the electron- 
ion diffusion coefficient did not appear adequate at very low degrees of 
ionization. This behavior is doubtless caused by the very different 
behavior of the dominant electron-atom cross section at lower tempera- 
tures, It may be that the expansion in Sonine polynomials is ill-suited 
for gases with such cross-section behavior. 
0 
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A t  t h e  h igher  degrees  of i o n i z a t i o n ,  t h e  i n c l u s i o n  of  t h e  next  h ighe r  
o r d e r  terms i n  t h e  cha rged-pa r t i c l e  c r o s s  s e c t i o n s  was found t o  i n c r e a s e  
a l l  c o e f f i c i e n t s  by appreciable amounts. I n  equ i l ib r ium argon above about 
400 mm Hg t h i s  a n a l y s i s  i s  no longer  v a l i d ,  s i n c e  t h e  Debye l e n g t h  becomes 
less than  t h e  i n t e r e l e c t r o n  d i s t a n c e .  When t h i s  happens,  t h e r e  are only  
a few e l e c t r o n s  i n  a Debye sphe re ,  and t h e  concept  of s h i e l d i n g  by a 
"cloud" of e l e c t r o n s  i s  l o s t ,  However, i n  t h e  comparison of c a l c u l a t e d  
and experimental  e l e c t r i c a l  c , o n d u c t i v i t i e s ,  some evidence  was found t h a t  
t h e  h ighe r  order terms f o r - t h e  denser  plasmas should be about t h e  same 
s i z e  as those  o b t a i n e d ' w i t h  t h e  sh i e lded  p o t e n t i a l , .  The experimental  
measurements were a l s o  compared wi th  c a l c u l a t i o n s  made wi th  an approxi-  
mate mean-free-path expres s ion .  Values so  computed agreed f a i r l y  w e l l  
wi,th those  from t h e  t h i r d  approximation ( a s  computed wi thout  h ighe r  
o r d e r  terms i n  charged c r o s s  s e c t i o n ) ;  w e l l  enough, s o  t h a t ,  i n  view 
of t h e  l a r g e  amount of s c a t t e r  i n  exper imenta l  p o i n t s ,  n e i t h e r  could be 
s a i d  t o  b e t t e r  "p red ic t "  t h e  e l ec t r i ca l  c o n d u c t i v i t y .  However, s i n c e  
t h e  mean-free-path e l ec t r i ca l  c o n d u c t i v i t y  reduces  t o  a cons t an t  t i m e s  
t h e . f i r s t  approximation t o  t h e  b ina ry  d i f f u s i o n  c o e f f i c i e n t  a t  low 
t empera tu res ,  t h e  s l o w  convergence of t h e  l a t t e r  ( s e e  F i g s .  19-20) shows 
t h a t  i he  approximate formula w i l l  be s e r i o u s l y  i n  e r r o r  below about 
6000°K 
I t  i s  worth r e i t e r a t i n g  he re  one conclus ion  reached i n  :E: t h a t ,  i n  
s p i t e  of t h e  complexity of t h e  expres s ions ,  i t  i s  p o s s i b l e  t o  r o u t i n e l y  
c a r r y  o u t  computations of t h e s t r a n s p o r t  p r o p e r t i e s  t o  t h e  t h i r d  and even 
t h e  f o u r t h  approximation. The ch ie f  s tumbl ing  block t o  such ca l cu l . a t ions  
i s  t h e  l a c k  of knowledge of t h e  average c r o s s  s e c t i o n s  f o r  a l l  t h e  i n t e r -  
a c t i o n s  t a k i n g  place i n  t h e  gas .  Although w e  were l i m i t e d  t o  t h e  t h i r d  
approximation t o  t h e  thermal  conduc t iv i ty  because of  t h e  l a c k  of compu- 
t a t i o n  of c e r t a i n  average c r o s s  s e c t i o n s  f o r  t h e  exponen t i a l  p o t e n t i a l ,  
t h e  major need seems t o  be f o r  f u r t h e r  expe r imen ta l  measurements of 
e l a s t i c  i n t e r a c t i o n s .  Thus, a l though t h e r e  have been many measurements 
of t h e  cha rge - t r ans fe r  cross s e c t i o n  i n  argon around 10 e V  and above, 
only one measurement has  been d iscovered  i n  t h e  most important  energy 
range ( f o r  g a s  k i n e t i c s  a t  l e a s t )  around 1 e V .  The on ly  a b s o l u t e  
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APPENDIX --- GAS-KINFTIC CROSS SEXXIONS IN TERMS OF PHASE SHIFTS a 
The method of derivation of E q s .  @.&a-d) for the gas-kinetic 
cross sections in terms of the phase shifts '1 will be briefly 
indicated in this appendix. The differential cross section is given 
in terms of the phase shifts by 
R 
2 2 2  2 with IC = CI g /A , z = cos X , and P ( z )  denoting Legendre poly- 
nomials. The object is to evaluate the integrals 
a 
(2.18 )I 
using this form of the differential cross section. This evaluation is 
not difficult but is tedious, especially when a = 3 or 4. The forms 
of the result (2.4) for R = 1,2 are given in HCB and are credited 
there to Kramers, alt'hough he apparently did not publish the deriva- 
tions. To illustrate the method of derivation, the case for = 1 
will be worked out here. Rewrite (2.18) as 
* 
I 
( A . 3 )  
is the total cross section, Then, 
(z) P (z) dz m 
* Hirschfelder, Curtiss and B i r d  (1964) 
c 
( A .  4) 
measurements of the differential cross sections for electron-atom 
encounters at low energies date from more than thirty years ago (Ramsauer 
and Kollath, 1932), and have apparently never been quantitatively dupli- 
cated. The lack of more recent accurate measurements is more evident when 
when we realize that both Kivel (1959) and O'Malley (19631, whose values 
of the phase shifts q were used to determine Q (g) at very low 
energies, base part or all of their analysis on the Ramsauer-Kollath 
and earlier measurements. 
<a 1 
a 
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Using the recursion relation 
and the orthogonality 
we see,that E q .  (B.2) 
relation 
becomes 
Now expand the expression in brackets and regroup and recombine terms 
to get 
But the last two terms cancel so the final form is 
The evaluation of the other integrals for k? = 2 , 3 , 4  follows in 
much the same way. For the cases = 3 , 4  the recursion relation 
( .A.5)  must be used twice, The results are given in E q s .  (2.4a-d). In 
the limit K - 0 ,  sin 11 + const X K = A a 1c (say), and the other 
phases vanish as K 4  or a higher power of IC. In this limit, then, 
2 2 2 2  2 2 
0 0 
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a 
Q(4) 252 TOT Q - -  315 
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